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Abstract 
The thermal expansions and rotations of a fixed slender beam that result from a linear temperature gradient field are 
fully restrained at the beam ends. These restrained expansions and rotations will produce internal bending and 
compressive actions in the beam, and these actions increase with an increase of the temperature differential and 
average temperature of the linear temperature gradient field. When these actions reach critical values, the fixed beam 
may bifurcate from its primary equilibrium configuration to a buckled equilibrium configuration. In 
previously-reported studies of the thermoelastic buckling of a member or structure, the material and geometric 
properties of the structure are predetermined. However, in practice, these properties are always subjected to a certain 
amount of uncertainty due to inaccurate measurement, and manufacture and construction errors. For example, a 
material manufactured by the same process may demonstrate differences in its elastic properties. A more realistic 
thermoelastic buckling analysis should be carried out by accounting for the variations of the material and geometry of 
the structure. This paper uses convex sets to model these uncertainties and derives the upper and lower critical 
temperatures for the thermoelastic in-plane buckling of fixed slender beams. 
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1. Introduction 
It is known that structures under thermal loading may buckle when the thermal loading reaches a critical 
value (Bradford 2006, Pi and Bradford 2008, 2010a, 2010, 2010c). The thermal expansions and rotations of 
a fixed slender beam that result from a linear temperature gradient field are fully restrained at the beam ends.  
These restrained expansions and rotations will produce internal bending and compressive actions in the 
beam, and these actions increase with an increase of the temperature differential and average temperature of 
the linear temperature gradient field. When these actions reach critical values, the fixed beam may bifurcate 
from its primary equilibrium state to a buckled equilibrium state. In the traditional studies of thermoelastic 
buckling of a structure, the material and geometric properties of the structure are predetermined (Pi and 
Bradford 2008). However, in reality, the material and geometric properties of all structures may possess a 
degree of uncertainty due to physical and geometric imperfections, manufacturing errors, model 
inaccuracies, and system complexities. Hence, without accounting for the material and geometric 
uncertainties of a structure, the deterministic buckling analysis cannot predict the buckling load of the 
structure correctly when these uncertainties exist. The effects of uncertainties of the material and geometric 
properties on the structural buckling is usually treated by using stochastic analysis of structures, in most 
cases, using finite element methods for stochastic structures. However, it is recognized (Shinozuka 1987) 
that it is rather difficult to estimate experimentally the autocorrelation function, or in the case of weak 
homogeneity, the spectral density function of the stochastic variations of the material properties. In view of 
this, the upper bound results are particularly important, since the bounds derived do not require knowledge 
of the autocorrelation function. In addition, small errors in probabilistic dada may lead to large errors in 
estimating the probabilities of buckling loads. Hence, different tools that can be used to account for the 
material and geometry uncertainties of a structure should be used. A discipline, called anti-optimization in 
buckling of structures (Elishakoff et al. 2001) may meet the needs. This discipline does not create the 
probabilistic models out of very limited or absent data, but it does represent a new technique for such 
special yet often encountered situations. This paper applies the anti-optimization method for the 
thermoelastic buckling of fixed beams that are subjected to a linear temperature gradient field by using 
convex set to model the uncertainties of material and geometric parameters, and derives the upper and 
lower critical temperatures for in-plane buckling of the fixed beams; while a companion paper will study 
Interval thermoelastic response of elastically restrained steel beams (Pi et al. 2011). 
 
Figure 1: A fixed beam under a linear temperature gradient 
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2. Prebuckling Thermoelastic Analysis 
The following assumptions are used in the thermoelastic analysis of this paper: 
x The beams are elastic and slender and their deformations satisfy Euler-Bernoulli hypothesis. 
x The states of temperature and deformation are treated as time-independent, and this separates the 
analysis of temperature field from that of displacement field and makes the problem uncoupled. 
x The temperature gradient is distributed linearly along the principal axis oy of the cross-section with 
temperatures T1 and T2 at the most top and bottom fibre of the cross-section (Fig. 2), but uniformly 
along the principal axis ox and the geometric centroidal axis oz, i.e. the temperature at an arbitrary 
point P is a linear function of its coordinate y, but not a function of its coordinates x and z. Hence, the 
temperature at an arbitrary point P can be expressed as 
  ave
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h
'   with 1 2
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T TT   and 2T T T'   ,                                  (1) 
where h is the overall depth of the cross-section. Because the temperature gradient field is linear, the 
Euler-Bernoulli hypothesis holds during the thermal deformation. 
x The coefficient of thermal expansion Į is independent of the temperature T(y). 
x Because the thermoelastic analysis of slender beams is carried out with the same degree of rigour as 
that accepted in the theory of elasticity, expansions in the direction perpendicular to the beam axis are 
assumed to be so small that they can be disregarded in the analysis. 
Under these assumptions, the longitudinal normal strain and the corresponding stress at an arbitrary 
point of the cross-section can be obtained as 
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For axial equilibrium, the axial action N should be equal to the compressive stress resultant as 
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whose solution is given by 
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The axial displacement w given by equation (4) needs to satisfy the boundary condition w = 0 at 
Lz r , which leads to 
 yAETNC aveD  and01 .                                                                  (5) 
Substituting the solution (5) into equation (4) lead to w = 0, which indicates that no axial displacement 
exist in the fixed beam that is subjected to a linear temperature gradient. Hence, the axial extension of the 
beam wc  also vanishes (i.e. wc  = 0). 
For equilibrium in the transverse direction, the bending action M + VA(L/2+z) + Nv should be equal to the 
internal moment as 
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where M the moment reaction, and VA is the vertical reaction. The solution of equation (6) can be 
obtained as  
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The transverse displacement v given by equation (7) needs to satisfy the boundary conditions of the fixed 
beam 0 v  and 0 cv  at 2/Lz r  and this leads to 
h
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'    D)(,0,021 .                                                     (8) 
Substituting the solutions given by equation (8) into equation (7) lead to v = 0, which indicates that the 
transverse deflection of a fixed beam that is subjected to a linear temperature gradient vanishes. Hence, the 
rotation of the cross-section and the curvature of the beam also vanish.  
Because ,0,0  c c vw  and 0 ccv , the strain at an arbitrary point of the cross-section of the fixed 
beam given by equation (2) is given by 
0
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which shows that there is no mechanical strain in the fixed beam that is subjected to a linear temperature 
gradient. From equations (5), (8), and (9), it can be concluded that a fixed beam that is subjected to a linear 
temperature gradient field is subjected to combined uniform axial compression N and uniform bending 
without deformations and strains. 
3. In-Plane Buckling Analysis 
It can be shown that the differential equation for in-plane buckling deformation (Pi and Bradford 2008) 
is given by 
    0EIv Nvs ccc c  ,                                                                             (10) 
whose solutions can be written as 
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This solution should satisfies the boundary condition of fixed beam 0 v  and 0 cv  at 2/Lz r , 
from which a group of equations for the constants C1, C2, C3 and C4 can be established. The existence of 
non-trivial solutions for C1, C2, C3 and C4 requires that the determinant of the coefficients of the group of 
equations vanish, which leads to 
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The lowest solutions for equations (12) are 
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which leads to the buckling loads corresponding to the symmetric and antisymmetric buckling loads as 
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Since the antisymmetric load is higher than the symmetric one, the fixed beam will buckle in the 
symmetric mode. Substituting the solution for N given by equation (5) into equation (14) leads to the 
critical average temperature 
2
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The variation ranges of parameters L, I, A, and Į can be deduced from measurement and experimental 
data and can be written as 
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where ( )L and ( )U denote the lower and upper bounds of the corresponding parameter ( ). 
The following uses the notation given by 
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The parameters L, I, A, Į can then be expressed as 
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Substituting equation (19) into equation (15), the critical temperature Tave can be written as (retaining 
only the first order values of įL, įI, įA, įĮ),   
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The deviations į vary in the convex set denoted as 
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where the size parameter ȕ and the semi-axes of the convex set eL, eI, eA, and eĮ are based on 
measurements and available experimental data. 
The problem to find the extremal critical temperature for thermoelastic buckling of fixed beams can be 
written as 
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It can be shown that the extremal values of the function given by equation (23) take place on the extreme 
points, or on the boundary of Z(e, ȕ). Hence, “” in equation (22) can be replaced by “=” and the constraint 
given by equation (22) can be written as 
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where Ș is a diagonal matrix and is given by 
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It can be shown that for the parameters given by equation (19), the value of ȕ =1 can be taken and the 
semi-axes of the convex set are given by  
D'''' D 2,2,2,2     eAeIeLe AIL .                                           (26) 
The method of Lagrange multipliers can be used and the Hamiltonian can be defined as 
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where Ȝ is the Lagrange multiplier. For the extremum, the derivative of the Hamiltonian must vanish, so 
that 
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Considering equation (24),  
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can be obtained. Hence, the maximum and minimum average temperature for the thermoelastic buckling 
of fixed beams can be derived as 
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4. Numerical Example 
A steel beam with the mean value Am = 0.0302 m2, Im = 870.1u10-6 m4 is used in the numerical example. 
The mean value of stiffness of the thermal expansion coefficient is Į = 10u10-6. The uncertainties of these 
parameters are assumed as ǻI = 0.02Im, ǻA = 0.02Am, ǻL = 0.02Lm and ǻĮ = 0.02Įm. The upper, lower, and 
mean values of the critical average temperature calculated from equation (30) are shown in Figure 2. 
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Figure 2: Critical temperature for thermoelastic buckling of fixed beam 
5. Concluding Remarks 
Thermoelastic buckling of a fixed slender beam that is subjected to a linear temperature gradient has 
been investigated in this paper by using a convex set to model the uncertainties of material and geometric 
parameters of the beam. The upper and lower critical average temperatures for the thermoelastic in-plane 
buckling of the fixed beam under the linear temperature gradient have been derived. The numerical 
example has shown that the effects of the uncertainties of the material and geometric parameters on the 
uncertainties of the critical temperatures can be significant.  
It is noted that a fixed beam under a linear temperature gradient is subjected to combined uniform axial 
compression and uniform bending without deformations prior to buckling. Hence, the beam may also 
buckle in a lateral-torsional mode (Pi and Bradford 2008). Because of limitation of the paper length, this has 
not been discussed in this paper, but will be reported elsewhere. 
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